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This paper presents a framework for analyzing and designing cylindrical omega-bianisotropic
metasurfaces, inspired by mode matching and digital signal processing techniques. Using the discrete
Fourier transform, we decompose the azimuthally varying omega-bianisotropic surface parameters
as well as the electric and magnetic field distributions into orthogonal modes. Then, by invoking
appropriate boundary conditions, we set up systems of algebraic equations which can be rearranged
to either predict the scattered fields of prespecified metasurfaces, or to synthesize metasurfaces which
support arbitrarily stipulated field transformations. The proposed framework facilitates the efficient
evaluation of electromagnetic field distributions that satisfy local power conservation, which is one of
the key difficulties involved with the design of passive and lossless scalar metasurfaces. It represents
a promising solution to circumvent the need for active components, controlled power dissipation, or
tensorial surface polarizabilities in many state-of-the art conformal metasurface-based devices. To
demonstrate the robustness and the versatility of the proposed technique, we design several devices
intended for different applications and numerically verify them using finite element simulations.
I. INTRODUCTION
Electromagnetic metasurfaces are devices of subwave-
length thickness consisting of two-dimensional arrange-
ments of scatterers (meta-atoms) with engineered elec-
tric and/or magnetic polarizabilities and subwavelength
dimensions [1, 2]. Due to their extraordinary ability
to efficiently manipulate various aspects of electromag-
netic waves, metasurfaces have been leveraged in a va-
riety of practical applications. For example, beam redi-
rectors and splitters [3–6], flat lenses [7], frequency fil-
ters [8, 9], polarization transformers [10, 11] and electro-
magnetic cloaks [12–15] have all been successfully demon-
strated. Of the various reported metasurface-based de-
vices, those exhibiting omega-bianisotropy have been
particularly fascinating, due to their abilities to real-
ize highly sophisticated field transformations with near
perfect efficiencies [16–18]. Their robustness stems from
the cross-coupling between the electric and magnetic re-
sponses, which represents an additional degree of freedom
that can be engineered at will.
Much of the research efforts so far in the area of meta-
surfaces have been devoted to flat planar surfaces. How-
ever recently, cylindrical metasurfaces have also gener-
ated significant interests due to the potential applica-
tions offered by their unique geometries. For instance,
the fact that they can completely enclose an object make
them ideal for electromagnetic interference reduction and
cloaking [12–15]. They have also been used to create
electromagnetic illusions [19, 20] and conformal anten-
nas [21].
Wave scattering by cylindrical metasurfaces can be
accurately predicted by the method of moments based
∗ paul.xu@mail.utoronto.ca
on tensorial bianisotropic sheet transistion conditions
(BSTCs) [22, 23]. Alternatively, one can analyze these
surfaces using mode matching [24]. While the latter tech-
nique is more suitable for impedance surfaces, it is possi-
ble to generalize it for omega-bianisotropic metasurfaces
since they can be constructed from multiple concentric
impedance surfaces. By cascading the generalized scat-
tering matrices (GSMs) of its constituent layers, a multi-
layer omega-bianisotropic metasurface (O-BMS) can be
accurately modelled [25].
Although these approaches provide accurate predic-
tions for the scattered fields of a cylindrical metasurface,
they are inherently analysis techniques which do not of-
fer any insights on how to synthesize a surface to perform
the desired field transformations. For instance, the GSM
of an impedance surface is essentially a black box which
does not reveal how its constituent parameters should be
engineered.
While it is possible to synthesize a cylindrical O-BMS
by specifying the desired field distributions everywhere
and solving the BSTC equations to obtain the required
surface parameters, the resulting designs will be generally
active and/or lossy. These designs are usually undesir-
able as they require active components and/or accurately
controlled ohmic losses to implement in practice. A tech-
nique to identify field distributions that correspond to
passive and lossless designs has been reported [15]. How-
ever, it is based on numerical optimization of the spatial
distribution of electromagnetic fields, which can be diffi-
cult.
In this article, we present a mode-matching framework
for analysis and synthesis of circular cylindrical O-BMSs
inspired by concepts in digital signal processing. The
fields everywhere as well as the bianisotropic parameters
of the metasurface are decomposed into their consituent
modes using the discrete Fourier transform. Then, by in-
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2voking the BSTCs, we can set up systems of algebraic
equations which can be easily solved to either model
the scattering behaviour of complex O-BMSs, or to syn-
thesize devices that can perform stipulated field trans-
formations. In contrast with previous mode-matching
methods, our formulation inherently accounts for the po-
tentially bianisotropic polarizabilities of the metasurface,
without needing to decompose it into several constituent
parts. This facilitates the derivation of closed-form syn-
thesis equations. Furthermore, the algebraic formulation
simplifies the process of identifying passive and lossless
field distributions, leading to very practical metasurface
designs.
Using the proposed method, we design and investigate
several passive and lossless cylindrical O-BMS-based de-
vices. In order to validate the designs, they are each
simulated numerically in COMSOL Multiphysics.
II. THEORY
The concepts presented in this paper can be applied to
any scalar circular cylindrical omega-bianisotropic meta-
surfaces. However, as will be explained shortly, some
of the steps throughout the analysis and synthesis will
require slight problem-specific modifications. In this sec-
tion, for illustrative purposes, we will investigate the case
of an internally excited O-BMS. Generalization to other
configurations will be discussed subsequently when they
arise.
The problem under consideration is depicted in Fig. 1.
The metasurface, characterized by its φ-dependent sur-
face electric impedance Zse(φ), surface magnetic admit-
tance Ysm(φ) and magnetoelectric coupling coefficient
Kem(φ), forms a closed cylindrical cavity of radius α. In
this paper, we only consider two-dimensional problems
which are invariant in the z direction. For sake of sim-
plicity, let us assume the fields are transverse magnetic
with respect to the z-axis (TMz), meaning ~E = zˆEz. Ex-
tension to transverse electric (TEz) configurations ( ~H =
zˆHz) is straightforward.
Er||Ei||+
metasurface
Zse(ϕ),Yse(ϕ),Kem(ϕ)
ρ
α
sources
ϕ
(x)
(y)
(z)
Hr||Hi||+
Et||
Ht||
Ɛr1Ɛr2
FIG. 1. Geometric configuration of the internally excited ci-
cular cylindrical O-BMS
As indicated, the internal and the external regions of
the O-BMS have relative permittivities r1 and r2 re-
spectively.
The fields enclosed by the cylinder consist of the in-
cident electric and magnetic fields {Ei||, Hi||} in addition
to the reflected fields {Er||, Hr||}. The fields external to
the cylinder are just the transmitted fields {Et||, Ht||}.
The subscript “||” denotes the transverse components of
the fields, which are the components of interest in the
present configuration. For TMz-polarized field distribu-
tions, these correpond to the z-component of the electric
fields and the φ-component of the magnetic fields.
In accordance with the cylindrical coordinate system,
the fields inside and outside of the metasurface cavity can
be written as series of cylindrical modes described by
Eiz(ρ, φ) =
∞∑
p=−∞
eip
H
(2)
p (k1ρ)
H
(2)
p (k1α)
e−jpφ,
Hiφ(ρ, φ) =
∞∑
p=−∞
eipY
i
in,p(ρ)
H
(2)
p (k1ρ)
H
(2)
p (k1α)
e−jpφ,
Etz(ρ, φ) =
∞∑
p=−∞
etp
H
(2)
p (k2ρ)
H
(2)
p (k2α)
e−jpφ,
Htφ(ρ, φ) =
∞∑
p=−∞
etpY
t
in,p(ρ)
H
(2)
p (k2ρ)
H
(2)
p (k2α)
e−jpφ,
Erz (ρ, φ) =
∞∑
p=−∞
erp
Jp(k1ρ)
Jp(k1α)
e−jpφ,
Hrφ(ρ, φ) =
∞∑
p=−∞
erpY
r
in,p(ρ)
Jp(k1ρ)
Jp(k1α)
e−jpφ,
k{1,2} =
√
r{1,2}ko,
(1)
where ko is the free space wave number. H
(2)
p (·) denotes
the pth order Hankel function of second kind and Jp(·)
denotes the pth order Bessel function. The coefficients
e
{i,t,r}
p are the complex amplitudes of the pth mode of
the incident, transmitted and reflected electric fields eval-
uated at ρ = α.
The pth modes of E
{i,t,r}
z can be related to the
pth modes of H
{i,t,r}
φ by the modal wave admittances
Y
{i,t,r}
in,p (ρ), where the subscript “in, p” indicates that
these are the pth mode admittances for an internally
excited metasurface. As will be revealed in Sec. III,
the fields of an externally excited surface have different
modal wave admittances, indicated by their distinct sub-
scripts.
By invoking the linearity of Maxwell’s equations and
the orthogonality of the cylindrical modal wave functions,
the expressions for Y
{i,t,r}
in,p (ρ) can be found to be
3Y iin,p(ρ) =
j
√
r1
ηo
H
(2)′
p (k1ρ)
H
(2)
p (k1ρ)
,
Y tin,p(ρ) =
j
√
r2
ηo
H
(2)′
p (k2ρ)
H
(2)
p (k2ρ)
,
Y rin,p(ρ) =
j
√
r1
ηo
J ′p(k1ρ)
Jp(k1ρ)
.
(2)
The derivatives in (2) are evaluated with respect to the
entire arguments of H
(2)
p (·) and Jp(·).
The exact values of the coefficients e
{i,t,r}
p can be ob-
tained by performing a Fourier transform on the cor-
responding fields along a closed circle centered at the
origin. In a similar manner, the surface properties
Zse(φ), Ysm(φ) and Kem(φ) can be decomposed into their
constituent Fourier harmonics because they are also 2pi-
periodic. This idea forms the basis of our analysis and
synthesis methods, described in Sec. II A and Sec. II B
respectively.
A. Analysis of Internally Excited Circular
Cylindrical Omega-Bianisotropic Metasurfaces
We first present a method for evaluating the scat-
tered fields from internally excited circular cylindrical
O-BMSs. We begin by discretizing the surface into N
equally sized unit cells. The surface properties can be
sampled at the centers of these cells, forming N × 1 vec-
tors Z¯se, Y¯sm and K¯em whose entries are
Z¯se[n] = Zse
∣∣
φ=(n−1)∆φ ,
Y¯sm[n] = Ysm
∣∣
φ=(n−1)∆φ ,
K¯em[n] = Kem
∣∣
φ=(n−1)∆φ ,
(3)
where ∆φ = 2pi/N is the azimuthal extent of one unit
cell.
We can also sample the tangential fields on the internal
and external facets of each unit cell to obtain N × 1 field
vectors
E¯tz[n] = E
t
z
∣∣
ρ→α+,φ=(n−1)∆φ ,
E¯{i,r}z [n] = E
{i,r}
z |ρ→α−,φ=(n−1)∆φ ,
H¯tφ[n] = H
t
φ|ρ→α+,φ=(n−1)∆φ ,
H¯
{i,r}
φ [n] = H
{i,r}
φ |ρ→α−,φ=(n−1)∆φ .
(4)
Alternatively, since all vectors in (3) and (4) correspond
to quantities that are 2pi-periodic in φ, it is possible
to represent them in terms of their projections onto
the Fourier basis by performing N-point dicrete Fourier
transforms (N-DFTs) via multiplications with the N-
DFT matrix WN :
Eˆ{i,r,t}z = WN E¯
{i,r,t}
z ,
Hˆ{i,r,t}z = WN H¯
{i,r,t}
z ,
Zˆse = WN Z¯se,
Yˆsm = WN Y¯sm,
Kˆem = WNK¯em.
(5)
WN is the N-DFT matrix whose elements are
WN [n][m] =
1
N
ej
2pi
N
(
n−N+12
)(
m−1
)
. (6)
We refer to Eˆ
{i,r,t}
z and Hˆ
{i,r,t}
φ as the modal field vectors,
since their entries represent the amplitudes of the consti-
tuient cylindrical modes of E
{i,r,t}
z andH
{i,r,t}
φ , evaluated
at ρ = α. On the other hand, Zˆse, Yˆsm and Kˆem are the
modal property vectors whose entries represent the am-
plitudes of the Fourier harmonics constituting Zse, Ysm
and Kem.
The rows of WN , as defined by (6), are arranged such
that the center entries of the modal vectors correspond
to the fundamental (p = 0) mode. The first and the
last entries correspond to the p = 1−N2 , p− and the
p = N−12 , p+ modes respectively. As expected from
the periodic property of the DFT spectrum, the degree
of spatial discretization (N) dictates the total number of
independent modes, i.e., the length of the modal vectors.
One advantage of the modal analysis presented herein
is that Eˆ
{i,r,t}
z can be algebraically related to Hˆ
{i,r,t}
φ
with the help of (2). More specifically, we can write
Hˆ
{i,t,r}
φ = Y
{i,t,r}
in Eˆ
{i,t,r}
z ,
Y
{i,t,r}
in = diag
[
Y
{i,t,r}
in,p− (α) · · · Y
{i,t,r}
in,p+
(α)
]T
,
(7)
where Y
{i,t,r}
in are the diagonal modal admittance ma-
trices for the incident, transmitted and reflected fields.
They can be used to eliminate all magnetic field quanti-
ties from the analysis, thereby reducing the number of
unknowns. Due to the different wave admittance ex-
pressions, other configurations such as externally excited
surfaces may require slightly different modal admittance
matrices.
The original goal of this section is to predict the trans-
mitted and reflected fields, given the incident fields and
the O-BMS surface parameters. To this end, we now re-
late the field vectors on either side of the metasurface
by invoking the BSTCs at each of the N unit cells [16].
Doing so results in the system of equations
1
2
(E¯tz + E¯
i
z + E¯
r
z ) =− Z¯se  (H¯tφ − H¯iφ − H¯rφ)
− K¯em  (E¯tz − E¯iz − E¯rz ),
1
2
(H¯tφ + H¯
i
φ + H¯
r
φ) =− Y¯sm  (E¯tz − E¯iz − E¯rz )
+ K¯em  (H¯tφ − H¯iφ − H¯rφ),
(8)
4where  denotes element-wise multiplication.
In order to take advantage of the simplifications offered
by modal analysis, we transform (8) using the circular
convolution theorem for N-DFT, which says
WN (U¯  V¯ ) = Uˆ ~N Vˆ = UˆVˆ . (9)
The operation ~N denotes modulo-N circular convolu-
tion. As alluded to by the second equality in (9), we can
implement this operation as a matrix multiplication by
transforming the first operand Uˆ into an N×N circulant
matrix Uˆ given by
Uˆ = WNdiag(W
−1
N Uˆ)W
−1
N (10)
Applying N-DFT to both sides of (8) and applying (7)
and (9), we obtain a new system of equations
1
2
(Eˆtz + Eˆ
i
z + Eˆ
r
z )
=− Zˆ(YtinEˆtz −YiinEˆiz −YrinEˆrz )− Kˆ(Eˆtz − Eˆiz − Eˆrz ),
1
2
(YtinEˆ
t
z + Y
i
inEˆ
i
z + Y
r
inEˆ
r
z )
=− Yˆ(Eˆtz − Eˆiz − Eˆrz ) + Kˆ(YtinEˆtz −YiinEˆiz −YrinEˆrz ),
(11)
where Zˆ, Yˆ and Kˆ are N ×N circulant matrices formed
by Zˆse, Yˆsm and Kˆem respectively. This set of equations
can be easily rearranged to solve for the modal trans-
mission matrix Tˆin and the modal reflection matrix Rˆin;
they relate Eˆtz and Eˆ
r
z to Eˆ
i
z according to
Eˆtz = TˆinEˆ
i
z, Eˆ
r
z = RˆinEˆ
i
z. (12)
The exact solution for the two matrices are
Tˆin =tˆ
−1
in,btˆin,a,
tˆin,a =
(
1
2
I− Kˆ− ZˆYrin
)−1(
1
2
I− Kˆ− ZˆYiin
)
−
(
1
2
Yrin − Yˆ + KˆYrin
)−1(
1
2
Yiin − Yˆ + KˆYiin
)
,
tˆin,b =
(
1
2
Yrin − Yˆ + KˆYrin
)−1(
1
2
Ytin + Yˆ − KˆYtin
)
−
(
1
2
I− Kˆ− ZˆYrin
)−1(
1
2
I + Kˆ + ZˆYtin
)
,
Rˆin =rˆ
−1
in,brˆin,a,
rˆin,a =
(
1
2
I + Kˆ + ZˆYtin
)−1(
1
2
I− Kˆ− ZˆYiin
)
−
(
1
2
Ytin + Yˆ − KˆYtin
)−1(
1
2
Yiin − Yˆ + KˆYiin
)
,
rˆin,b =
(
1
2
Ytin + Yˆ − KˆYtin
)−1(
1
2
Yrin − Yˆ + KˆYrin
)
−
(
1
2
I + Kˆ + ZˆYtin
)−1(
1
2
I− Kˆ− ZˆYrin
)
.
(13)
Here, I is the N ×N identity matrix. Since the Hˆtφ and
Hˆrφ can be found using (7), we have essentially completed
our analysis.
B. Synthesis of Internally Excited Circular
Cylindrical Omega-Bianisotropic Metasurfaces
Within the proposed DFT framework, it is also possi-
ble to synthesize the required surface properties for real-
izing a certain stipulated field transformation.
While the analysis presented in Sec. II A applies to
general O-BMSs that can contain power gain and/or loss,
we will devote our effort henceworth to the synthesis of
passive and lossless metasurfaces. This is because they
are much easier to implement in practice, requiring only
reactive components which can be easily realized with
etched patterns on printed circuit boards (PCBs).
Previously, it was shown that a sufficient condition for
an O-BMS to be passive and lossless is that the field
transformation being performed satisfies local power con-
servation (LPC) [16], which can be described by the equa-
tion
<{(E¯iz + E¯rz ) (H¯iφ + H¯rφ)∗} = <{E¯tz  H¯t
∗
φ }, (14)
where (·)∗ denotes complex conjugation. Although com-
posite metasurface systems which satisfy global power
conservation represent possible alternatives [26], they are
much harder to design and implement. Thus, we will
strictly focus on surfaces that satisfy LPC. From (14),
it can be inferred that a passive and lossless transmis-
sive scalar metasurface, which is one that produces a
prescribed transmitted field distribution from a known
incident field, should generate some amount of parasitic
reflected fields (termed “auxiliary reflection”). Similarly,
a passive and lossless reflective scalar metasurface will re-
quire some auxiliary transmission. Naturally, depending
on the type of metasurface to be synthsized, we would
first need to solve for either {E¯r, H¯r} or {E¯t, H¯t}. To
do this directly using (14) can be challenging. One would
need to solve a system of coupled nonlinear differential
equations since the unknown auxiliary electic fields and
auxiliary magnetic fields are related to each other. In
this work, we use (7) to eliminate H¯
{i,t,r}
φ from the equa-
tion, yielding a non-linear algebraic equation which can
be solved numerically with ease. For transmissive meta-
surfaces, where E¯rz or Eˆ
r
z is the unknown, we have
<{(E¯iz + W−1N Eˆrz ) (H¯iφ + W−1N YrinEˆrz )∗}
=<{E¯tz  H¯t
∗
φ }.
(15)
For reflective metasurfaces, where E¯tz or Eˆ
t
z is the un-
known, the equation to solve is
<{(E¯iz + E¯rz ) (H¯iφ + E¯rz )∗}
=<{(W−1N Eˆtz) (W−1N YtinEˆtz)∗}.
(16)
5Solving either (15) or (16) gives the complete field dis-
tributions everywhere. We can proceed by assessing the
required {Z¯se, Y¯sm, K¯em} which would support these field
distributions.
In Sec. II A, we transformed the known O-BMS param-
eters into circulant matrices and solved for the unknown
field modal vectors. Here, we can perform the inverse
procedure by transforming the known field distributions
into circulant matrices and solving for the unknown sur-
face parameter modal vectors. This leads to the equa-
tions
1
2
(Eˆtz + Eˆ
i
z + Eˆ
r
z ) = Eˆav = −∆Hˆ,inZˆse −∆Eˆ,inKˆem,
1
2
(Hˆtφ + Hˆ
i
φ + Hˆ
r
φ) = Hˆav = −∆Eˆ,inYˆsm + ∆Hˆ,inKˆem,
(17)
where ∆Eˆ,in and ∆Hˆ,in are the N×N field discontinuity
circulant matrices formed by the vectors (Eˆtz − Eˆrz − Eˆiz)
and (Hˆtφ − Hˆrφ − Hˆiφ) respectively.
An O-BMS satisfying LPC will have imaginary Z¯se and
Y¯sm, as well as real K¯em [27]. This allows us to reduce the
number of unknowns in (17) by invoking the conjugate
symmetry properties for the DFT of real and imaginary
signals:
<{V¯ } = 0 =⇒ FVˆ = −Vˆ ∗,
={V¯ } = 0 =⇒ FVˆ = Vˆ ∗,
(18)
where F is the N × N reversal matrix. Using the fact
that FF = I, we can obtain another system of equation
from (17) as follows:
Eˆav = ∆Hˆ,inFZˆ
∗
se −∆Eˆ,inFKˆ∗em,
Hˆav = ∆Eˆ,inFYˆ
∗
sm + ∆Hˆ,inFKˆ
∗
em.
(19)
Combining (17) with the complex conjugate of (19), we
have sufficiently many independent equations to solve for
the unknown surface parameter modal vectors as
Kˆem =k
−1
a k¯b,
ka =−
(
∆∗
Hˆ,in
F∗
)−1
(∆Eˆ,inF)
∗ −∆−1
Hˆ,in
∆Eˆ,in,
k¯b =
(
∆∗
Hˆ,in
F∗
)−1
Eˆ∗av + ∆
−1
Hˆ,in
Eˆav,
Zˆse =−∆−1Hˆ,inEˆav −∆
−1
Hˆ,in
∆Eˆ,inKˆem,
Yˆsm =−∆−1Eˆ,inHˆav + ∆
−1
Eˆ,in
∆Hˆ,inKˆem.
(20)
This concludes the synthesis procedure of internally ex-
cited passive and lossless O-BMS.
C. Multi-layer Implementations
Having obtained the theoretical O-BMS surface pa-
rameters in Sec. II B, we now consider a physical unit cell
ρ ϕ
(x)
(y)
(z)
Zse[n],Yse[n],Kem[n]
ρ α=
Zo[n]
Zm[n]
Zi[n]
t
tƐr
Ɛr
Ɛr2
Ɛr1
PMC Baffle
FIG. 2. Triple impedance layer unit cell topology used to
realize the theoretically derived O-BMS properties.
topology that is suitable for practical realization of the
derived properties. For planar metasurfaces, unit cells
consisting of three parallel electric impedance sheets sep-
arated by dielectric substrates have often been used [28].
It was shown that the unit cell can exhibit omega-
bianisotropic response if its three constituent layers are
asymmetric with respect to the middle one (i.e. the top
and the bottom layers have different impedances). This
topology is usually preferred because it is highly com-
patible with standard PCB fabrication technologies. The
three impedance sheets can be easily realized using three
layers of etched conductive patterns [29, 30]. In this sec-
tion, we consider an analogous curved triple impedance
layer topology, depicted in Fig. 2.
Each unit cell of the surface is assigned a set of inner,
middle and outer impedance values; they are denoted as
Z¯i[n], Z¯m[n] and Z¯o[n] respectively, for the n
th cell. The
three impedance layers are supported by two cylindrial
dielectric shells with thickness t and relative permittiv-
ity r. The inner surface impedances Z¯i reside on the
cylindrical surface ρ = α.
For planar O-BMSs, equivalent transmission-line mod-
els have frequently been used to aid the design of the
multi-layer unit cells [31]. It is hard to directly adopt this
approach here because the wave impedances for cylindri-
cal waves are dependent on the radial coordinate ρ. Thus,
they vary throughout the longitudinal extent of each unit
cell, making it difficult to construct a simple equivalent
transmission-line circuit. Instead, we employ a general-
ization of the ABCD matrix approach previously used to
design a mode-converting cylindrical O-BMS [32].
Before proceeding, we note that the ABCD matrix ap-
proach assumes local periodicity. That is, each unit cell
is analyzed and designed as if it resides within a homo-
geneous surface. An accompanying assumption is that
only the p = 0 mode is propagating between the mul-
tiple impedance layers. In a realistic metasurface, due
to the φ-dependent impedances, local periodicity is not
satisfied and higher order modes can propagate within
the extent of each unit cell. This can make the ABCD
matrix approach inaccurate, especially if the dielectric
layers are thick [33]. To alleviate this phenomenon, we
employ perfect conducting baffles to shield each unit cell
6from its neighbors. This approach is inspired by a pre-
vious work which used baffles to decouple the adjacent
unit cells in a planar bianisotropic metasurface [34]. As
discussed therein, the baffles act as an array of small
waveguides which cut off all but the fundamental mode
locally within each unit cell. For the TMz configura-
tion discussed in this study, perfect magnetic conductor
(PMC) baffles are used, as seen in Fig. 2. For TEz con-
figurations, perfect electric conductor (PEC) baffles are
required. While the PEC baffles are more practical since
they can be fabricated using plated via fences, PMC baf-
fles will mainly serve as a numerical tools to aid the val-
idation of theoretically synthesized metasurfaces.
Assuming that the ABCD matrix approach is valid, we
can apply it to each unit cell individually. The ABCD
matrix M between two concentric cylindrical surfaces
with radii ρ1 and ρ2 relates the total electric and mag-
netic fields on those surfaces according to
[
Ez(ρ1)
Hφ(ρ1)
]
= M
[
Ez(ρ2)
Hφ(ρ2)
]
=
[
A B
C D
] [
Ez(ρ2)
Hφ(ρ2)
]
. (21)
For instance, the ABCD matrix relating the fields on
either side of a cylindrical sheet with electric impedance
Z is
MZ =
[
1 0
1
Z 1
]
. (22)
This can be easily derived from the BSTC equations.
We can also find the ABCD matrix for the dielectric
substrates [25]. If the inner and outer radii of the sub-
strate are ρi and ρo respectively, and the relative permit-
tivity is r, then the matrix is given by
Msub(ρi, ρo) =
[
A(ρi, ρo) B(ρi, ρo)
C(ρi, ρo) D(ρi, ρo)
]
= mim
−1
o ,
m{i,o}[1][1] = H
(2)
0 (
√
rkoρ{i,o}),
m{i,o}[1][2] = J0(
√
rkoρ{i,o}),
m{i,o}[2][1] = Y
+
sub(ρ{i,o})H
(2)
0 (
√
rkoρ{i,o}),
m{i,o}[2][2] = Y
−
sub(ρ{i,o})J0(
√
rkoρ{i,o}),
(23)
where
Y +sub(ρ) =
j
√
r
ηo
H
(2)′
0 (
√
rkoρ)
H
(2)
0 (
√
rkoρ)
,
Y −sub(ρ) =
j
√
r
ηo
J ′0(
√
rkoρ)
J0(
√
rkoρ)
.
(24)
From Fig. 2, we can see that the matrices
Msub(α, α+ t) and Msub(α + t, α + 2t) model the inner
and the outer dielectric substrates respectively. Cascad-
ing the matrices for the three impedance layers as well as
those for the two dielectric substrates in the appropriate
order, we obtain the overall ABCD matrix for a unit cell
as
M = MZiMsub(α, α+ t)MZmMsub(α+ t, α+ 2t)MZo ,
(25)
where Zi, Zm, Zo are the inner, middle and outer
impedances for that cell respectively.
Assuming we have already calculated the O-BMS pa-
rameters {Zse, Ysm,Kem} for the unit cell following the
procedures in Sec. II B, we can use (8) and (21) to find
the equivalent ABCD matrix parameters of that cell as
A =
4K2em + 4YsmZse + 4Kem + 1
4K2em + 4YsmZse − 1
,
B =
4Z2se
4K2em + 4YsmZse − 1
,
C =
4Y 2sm
4K2em + 4YsmZse − 1
,
D =
4K2em + 4YsmZse − 4Kem + 1
4K2em + 4YsmZse − 1
.
(26)
If we denote the elements of dielectric substrate ABCD
matrices as
Msub(α+ t, α+ 2t) =
[
a1 b1
c1 d1
]
,
Msub(α, α+ t) =
[
a2 b2
c2 d2
]
,
(27)
then the required Zi, Zm and Zo can be found to be
Zi =
b2B
b2D − d2B + a2b1d2 − b1b2c2 ,
Zm = − b1b2
a2b1 −B + b2d1 ,
Zo = − b1B
a1B − b1A− a1b2d1 + b1c2c1 .
(28)
Using (26) and (28) on each of the N unit cells gives
the final theoretical implementation of our synthesized
O-BMS.
D. Comments on Other Metasurface
Configurations
As mentioned earlier, some of the steps in the analysis
and synthesis procedures need to be modified according
to the problem geometry. This requirement stems from
the fact that the cylindrical wave functions (1) which
constitute the electric and magnetic fields are problem-
specific. Furthermore, the BSTC equations (8) are dif-
ferent depending on the location of the source (internal
or external). This in turn leads to different analysis (13)
and synthesis (20) equations. On the other hand, the
ABCD matrix formalism presented in Sec. II C does not
assume anything about the source location, and thus can
be used for any problem. As we go over detailed design
examples in Sec. III, it will become clear that the overall
DFT framework is readily generalizable.
7III. RESULTS AND DISCUSSIONS
In this section, we design several passive and lossless
O-BMSs using our proposed method and validate them
numerically using finite element simulations in COM-
SOL Multiphysics. Without loss of generality, we assume
henceworth that the external region is comprised of air
(r2 = 1).
A. Electromagnetic Illusion
In the first example, we design a cylindrical O-BMS
which transforms the fields radiated by an electric line
source located at the origin to those from a displaced
line source. Previously, metamaterials (MTMs) based
on transformation optics (TO) have been leveraged to
achieve this effect [35]. However, the practicality of
TO-MTMs is significantly hindered by their bulkiness
and complexity. Here, we attempt to achieve the same
electromagnetic illusion using a metasurface with deeply
subwavelength thickness, which is much easier to fab-
ricate and deploy. Although this type of device has
been widely reported [19, 22, 23], passive lossless imple-
mentations leveraging omega-bianisotropy have not been
demonstrated thus far to the best of our knowledge.
To design the illusion metasurface, we first state the
incident electric field modal vector as
Eˆiz[n] = e
i
0δn,N+12
, (29)
where δi,j is the Kronecker delta and e
i
0 can be an arbi-
trary complex constant. There is only one non-zero entry
in Eˆiz because an electric line source located at the origin
can only excite the 0th cylindrical mode.
The transmitted modal vector can be obtained using
the addition theorem, which describes a Hankel function
centered at (ρ, φ) = (ρ′, φ′) in terms of a summation of
cylindrical modes centered at the origin [36]:
H
(2)
0 (ko|~ρ− ~ρ ′|) =

∞∑
p=−∞
Jp(koρ
′)H(2)p (koρ)e
jp(φ−φ′) ρ ≥ ρ′(30a)
∞∑
p=−∞
H(2)p (koρ
′)Jp(koρ)ejp(φ−φ
′) ρ ≤ ρ′(30b)
For the case of a virtual source inside the O-BMS cav-
ity (ρ′ < α), we can obtain Eˆtz using (30a) by setting
ρ = α:
Eˆtz[n] = e
t
0
Jn(koρ
′)H(2)n (koα)
H
(2)
0 (koα)
ejnφ
′
. (31)
Here, et0 is the amplitude of the virtual source field mea-
sured at a distance α away from ~ρ ′; it is set to be equal
to ei0 in this study. As an example, we design an il-
lusion metasurface with the specifications listed in Ta-
ble I. Since this is a transmissive metasurface, we solve
TABLE I. Specification for the passive lossless illusion O-BMS
f (GHz) N α [m] ρ′ φ′ [rad] r1 r2 r t [mm]
4.4 451 0.15 0.95α pi/4 2.2 1 3 0.2
for the required auxiliary Eˆrz using (15). The numeri-
cally obtained solution is shown in in Fig. 3(a). Using
the complete field distributions Eˆ
{i,t,r}
z , we obtain the
multi-layer implementation for the O-BMS described by
Fig. 3(b). Notably, we only plot the reactances of each
layer, since the real parts of the impedances are iden-
tially zero. This indicates the synthesized device is truly
passive and lossless.
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FIG. 3. (a) The solved auxiliary reflected fields for the il-
lusion O-BMS. (b) The reactance values for the multi-layer
implementation of the illusion O-BMS.
Next, we construct the metasurface model in COM-
SOL Multiphysics, in which the surface reactance lay-
ers are implemented using field-dependent surface electric
current densities. The source is an electric line current
placed at the origin. The simulated total (incident plus
scattered) electric field distribution is depicted in Fig. 4.
Despite the complex interference pattern produced by
the auxiliary internal reflections, we observe clear un-
perturbed wavefronts outside of the metasurface cavity
emanating from the desired virtual source location.
In some scenarios, one may wish to construct a virtual
source outside of the O-BMS cavity (ρ′ > α). Although
at first it appears that (30b) should be used to obtain
8FIG. 4. <{Ez} for the illusion O-BMS.
Eˆtz, we note that such a field distribution cannot actu-
ally be realized with an internally excited O-BMS. This
is because (30b), and indeed the fields of an ideal ex-
ternal virtual line source, exhibit converging power flow
(towards the origin) for some points on the external face
of the metasurface. This can be seen from the Bessel
functions which constitute the summation in (30b), or it
can be reasoned intuitively by the fact that the Poynting
vector should strictly diverge from (ρ′, φ′). We can cir-
cumvent this issue by approximating the desired external
field distribution using (30a). Following the same synthe-
sis procedure, we can obtain an O-BMS whose external
fields imitate those of the desired virtual source for the
region ρ ≥ ρ′. However, in the region α < ρ < ρ′, the
fields will not accurately depict the desired virtual source
fields.
B. General Penetrable Metasurface Cloak
In this example, we design a metasurface cloak which
conceals a cylindrical target from an external incident
wave. Conventionally, this is often achieved with ac-
tive Huygens’ metasurfaces (HMS) which radiate some
prescribed fields intended to destructively interfere with
the scattered fields from the target [13, 37]. While ef-
fective, this type of cloak usually requires complex cir-
cuitry to properly control and can suffer from stability
issues. Alternatively, TO-MTM cloaks have also been
demonstrated [38]. They are highly robust, capable of
concealing the target from any illumination type with
any incident direction. However, just like other MTM-
based devices, their bulkiness significantly restricts their
practical applications.
Recently, a type of penetrable metasurface cloak has
been demonstrated [14]. It was proposed that if the
object is penetrable by electromagnetic waves, one can
synthesize a metasurface enclosure which induces zero
external scattered fields while permitting some internal
scattering. By carefully engineering the internal fields
based on the incident fields which are known a priori, lo-
cal power conservation can be satisfied. Thus, the cloak
can be realized using a passive and lossless O-BMS. An
important application for this class of cloaking is the re-
duction of electromagnetic interference for complex wire-
less communications systems in which the incident field
distributions are known [39].
Previous iterations of penetrable O-BMS cloaks as-
sume the incident field to be a perfect plane wave. In
that case, the required internal fields for satisfying local
power conservation can be easily inferred to be another
plane wave. Here, we extend this concept in two ways.
First, we allow the incident fields to take on arbitrary
forms. In general, the required internal fields for sat-
isfying local power conservation are intricate and lack
analytical descriptions. With our proposed approach, we
can specify the reflected fields to be zero and numerically
solve the local power conservation equation to obtain the
required internal (auxiliary) fields. This straightforward
procedure enables us to hide the object from more com-
plex illuminations.
Furthermore, with some slight modifications, we can
realize perfect cloaking for an impenetrable object such
as a PEC cylinder. Although passive and lossless
metasurfaces with such capability have been demon-
strated [15], they rely on carefully optimized orthogo-
nally polarized surface waves facilitated by tensorial sur-
face properties to achieve pointwise power balance. In
contrast, our proposed approach uses a scalar metasur-
face which does not rely on any polarization conversion.
In that light, our approach is similar to a previous work
that leverages auxiliary transmitted waves to facilitate
satisfaction of local power conservation in a reflective
metasurface beam splitter [6]. Scalar metasurfaces can
be easier to fabricate in practice, compared to tensorial
surfaces, owing to the simpler geometries of their con-
stituent meta-atoms.
To develop the penetrable cloak, let us first consider
the case of a general externally excited cylindrical O-
BMS enclosing a homogeneous dielectric cylinder, as de-
Er||Ei||+
metasurface 
Zse(ϕ),Yse(ϕ),Kem(ϕ)
ρ
α
sources
ϕ
(x)
(y)
(z)
Hr||Hi||+ E
t
||
Ht||
Ɛr1Ɛr2
FIG. 5. Geometric configuration of the externally excited
cylindrical O-BMS
9picted in Fig. 5. Unlike the problem in Sec. III A, the
incident and reflected fields now exist in the external re-
gion whereas the transmitted fields exist in the internal
region, meaning the definitions in (4) need to be adjusted
accordingly. Furthermore, the BSTC equations for this
problem read:
1
2
(E¯iz + E¯
r
z + E¯
t
z) =− Z¯se  (H¯iφ + H¯rφ − H¯tφ)
− K¯em  (E¯iz + E¯rz − E¯tz),
1
2
(H¯iφ + H¯
r
φ + H¯
t
φ) =− Y¯sm  (E¯iz + E¯rz − E¯tz)
+ K¯em  (H¯iφ + H¯rφ − H¯tφ).
(32)
The new source location implies that the incident and the
transmitted fields are now composed of Jp(·), while the
reflected fields are described byH
(2)
p (·). The wavenumber
for those fields also need to be changed accordingly to
reflect the appropriate dielectric constants in the internal
and external regions. Combining these observations, the
modal admittance matrices can be inferred to be:
Y{i,t,r}ex = diag
[
Y
{i,t,r}
ex,p− (α) · · · Y {i,t,r}ex,p+ (α)
]T
,
Y iex,p(ρ) =
j
√
r2
ηo
J ′p(k2ρ)
Jp(k2ρ)
,
Y rex,p(ρ) =
j
√
r2
ηo
H
(2)′
p (k2ρ)
H
(2)
p (k2ρ)
,
Y tex,p(ρ) =
j
√
r1
ηo
J ′p(k1ρ)
Jp(k1ρ)
.
(33)
The subscript “ex” indicates that these matrices are valid
for externally excited O-BMSs.
Following the same convolution-based derivation pre-
sented in Sec. II A, we can obtain modal transmission
matrix Tˆex and modal reflection matrix Rˆex for this new
configuration. Although these matrices are not explicitly
used in this paper, we still present their full solutions in
the Supplementary Materials for completeness; they are
given by (A1) and (A2) in Appendix A respectively.
To synthesize an externally excited cylindrical O-BMS,
we would again need to solve the appropriate local power
conservation equation (15) or (16) for the required aux-
iliary fields. However, now we need to pay attention to
substitute Ytex in place of Y
t
in, and Y
r
ex in place of Y
r
in.
After the fields everywhere are known, we use (20) to
evaluate {Z¯se, Y¯sm, K¯em}. Due to the flipped locations
of the incident, transmitted and reflected fields, new field
discontinuity circulant matrices ∆Eˆ,ex and ∆Hˆ,ex need
to be used in place of ∆Eˆ,in and ∆Hˆ,in, where
∆Eˆ,ex = −∆Eˆ,in,
∆Hˆ,ex = −∆Hˆ,in.
(34)
Last but not least, the conversion from O-BMS pa-
rameters {Z¯se, Y¯sm, K¯em} to three-layer impedance im-
plementation {Z¯i, Z¯m, Z¯o} can be done with (26) and
(28) without any modifications.
TABLE II. Specification for the passive lossless penetrable
O-BMS cloak for concealing a dielectric cylinder
f (GHz) N α [m] ρs[m] φs [rad] r1 r2 r t [mm]
4.4 451 0.15 0.2 0 3 1 3 0.2
Now, let us apply this general procedure to design
a penetrable O-BMS cloak which conceals a dielectric
cylinder with permittivity r1 from an external line
source located at (ρ, φ) = (ρs, φs). We first write the
incident field modal vector with (30b):
Eˆiz[n] = e
i
0H
(2)
n (koρs)Jn(koα)e
jnφs . (35)
Again, ei0 can be set to some arbitrary constant. Since
the goal is to produce zero external scattered field, the
desired reflected modal vector must be Eˆrz = 0. As this
is a reflective metasurface, we need to solve (16) for the
required Eˆtz. Assuming the configuration as described in
Table II, we obtain the auxiliary transmitted field modal
vector to be that depicted in Fig. 6(a). Using these val-
ues, we obtain the three impedance layers depicted in
Fig. 6(b). Again, the real parts are omitted since they
are identically zero.
To validate this design, we first simulate the scattering
from the dielectric cylinder without the O-BMS cloak.
The total electric field distribution is shown in Fig. 7(a).
As seen by the highly perturbed wavefronts, the cylin-
der interferes with the source radiation to a significant
degree. Next, we add the O-BMS around the dielectric
cylinder and resimulate with the same source. The re-
sulting fields are shown in Fig. 7(b). Evidently, there is
almost no scattering from the cylinder observable in the
external region. The object would appear essentially in-
visible to any observer outside of the cylindrical volume.
Next, we continue the development of more advanced
penetrable metasurface cloaks by designing a passive and
lossless O-BMS which perfectly conceals a PEC cylinder
from a known source. This can be challenging since the
target itself does not permit any internal fields, meaning
it is generally impossible to satisfy (16). However, if we
insert a small gap between the PEC cylinder and the O-
BMS, as depicted in Fig. 8, then both sides of the cloak
can support non-zero fields. Practically, this small gap
can represent an air gap or a dielectric coating around the
target. There is no inherent restriction on its thickness.
We first identify the modal admittance matrices for
this problem. Since the incident and reflected fields of
all externally excited O-BMSs have the same constituent
wave functions, we have
Yipec = Y
i
ex,
Yrpec = Y
r
ex,
(36)
where the subscript “pec” indicates that these expres-
sions are valid for O-BMSs surrounding a PEC cylinder.
Due to the inclusion of the PEC, the transmitted fields
are now described by a linear combination of Bessel (Jp)
10
and Neumann (Yp) functions which satisfy Ez(α
′, φ) = 0,
where α′ is the radius of the PEC cylinder. The explicit
modal expansions for the fields can be written as:
Etz(ρ, φ) =
∞∑
p=−∞
etp
[
Yp(k1α
′)
dp(k1α′, k1α)
Jp(k1ρ)
− Jp(k1α
′)
dp(k1α′, k1α)
Yp(k1ρ)
]
e−jpφ,
Htz(ρ, φ) =
∞∑
p=−∞
etp
j
√
r1
ηo
[
Yp(k1α
′)
dp(k1α′, k1α)
J ′p(k1ρ)
− Jp(k1α
′)
dp(k1α′, k1α)
Y ′p(k1ρ)
]
e−jpφ,
dp(r1, r2) = Yp(r1)Jp(r2)− Yp(r2)Jp(r1).
(37)
Recalling that the modal vectors represent the N-DFT
of the sampled fields at ρ = α, we can write
Eˆtz =
[
etp− · · · etp+
]T
= ΓaEˆ
t
z − ΓbEˆtz,
Γa = diag
[
Yp− (k1α
′)Jp− (k1α)
dp− (k1α
′,k1α)
· · · Yp− (k1α
′)Jp− (k1α)
dp− (k1α
′,k1α)
]T
,
Γb = diag
[
Yp− (k1α)Jp− (k1α
′)
dp− (k1α
′,k1α)
· · · Yp− (k1α)Jp− (k1α
′)
dp− (k1α
′,k1α)
]T
,
(38)
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FIG. 6. (a) The solved auxiliary transmitted fields for the
penetrable O-BMS cloak. (b) The reactance values for the
multi-layer implementation of the cloak.
and
Hˆtz = y
t
pec,aΓaEˆ
t
z − ytpec,bΓbEˆtz , YtpecEˆtz,
ytpec,a =
j
√
r1
ηo
· diag
[
J′p− (k1α)
Jp− (k1α)
· · · J
′
p+
(k1α)
Jp+ (k1α)
]T
,
ytpec,b =
j
√
r1
ηo
· diag
[
Y ′p− (k1α)
Yp− (k1α)
· · · Y
′
p+
(k1α)
Yp+ (k1α)
]T
,
(39)
where Ytpec is the new transmitted modal admittance
matrix for this particular problem.
Noting that the BSTCs given by (32) still apply, we
can reuse the expressions (A1) and (A2) to construct
the modal transmission matrix Tˆpec and modal reflec-
tion matrix Rˆpec of the present configuration, simply by
substituting Y
{i,t,r}
pec in place of Y
{i,t,r}
ex .
As the first step of the synthesis procedure, we find the
required auxiliary Eˆtz with (16), by replacing Y
t
in with
(a)
(b)
FIG. 7. <{Ez} for the dielectric cylinder (a) without the
O-BMS cloak; and (b) with the O-BMS cloak.
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FIG. 8. Schematic for the penetrable O-BMS cloak for a PEC
cylinder.
Ytpec. Since it is still an externally excited O-BMS, we
can use (20) by replacing ∆Eˆ,in and ∆Hˆ,in with ∆Eˆ,ex
and ∆Eˆ,ex, as is done previously for the dielectric cylin-
der cloak. This gives the required O-BMS parameters
{Z¯se, Y¯sm, K¯em}. In the last step, we convert these pa-
rameters to the three-layer impedance implementation
{Z¯i, Z¯m, Z¯o} using (26) and (28) without any modifica-
tions.
Following the aforementioned procedure, we design
an O-BMS cloak with the specifications outlined in Ta-
ble III. The solved modal vector for the required auxil-
iary Eˆtz is shown in Fig. 9(a). The corresponding pas-
sive and lossless multi-layer implementation is shown in
Fig. 9(b). Inserting these reactance values into a COM-
SOL model and simulating with the designated incident
fields, we obtain the electric field distribution shown in
Fig. 10(a). Note that for better legibility, the fields inside
the dielectric coating region have been exluded from this
plot. The unperturbed external wavefronts signify the
successful concealment of the PEC cylinder. For com-
parison, the fields without the O-BMS cloak is shown in
Fig. 9(b), in which the PEC cylinder casts a significant
shadow. As illustrated in Fig. 10(c), the dielectric coat-
ing region around the PEC contains high-intensity stand-
ing waves caused by the auxiliary fields. The amplitudes
of the standing waves can be reduced by increasing the
coating thickness. Nevertheless, this evidently does not
impair the intended functionality of the O-BMS cloak.
TABLE III. Specification for the passive lossless O-BMS cloak
for concealing a PEC cylinder
f (GHz) N α [m] α′ [m] ρs [m] φs [rad] r1 r2 r t[mm]
4.4 401 0.1025 0.1 0.2 0 2.2 1 3 0.2
-200 -150 -100 -50 0 50 100 150 200
-0.5
0
0.5 Re
Im
z
(a)
0 1 2 3 4 5 6
-10
-5
0
5
10
M
ul
ti-
la
ye
r I
m
pl
em
en
ta
tio
n Xi
X
m
X
o
(b)
FIG. 9. (a) The solved auxiliary transmitted field for the
penetrable O-BMS cloak around a PEC cylinder. (b) The re-
actance values for the multi-layer implementation of the cloak.
C. High-gain Cavity-excited Antenna
In the last example, we design a cylindrical O-BMS
cavity which significantly enhances the directivity of an
electric line source that would otherwise produce unidi-
rectional radiations by itself. Previously, low-profile de-
signs with rectangular cavities have been presented [16,
40]. Here, we extend this idea to a cylindrical topology
which can be useful in direction-finding/navigation sys-
tems or radio beacons.
To demonstrate the use of O-BMS in constructing
high-gain antennas, let us design a surface that colli-
mates the cylindrical radiation into a directive beam to-
wards some angle φo. Since the incident fields are again
those produced by a line source placed at the origin, the
modal vector is described by (29). The desired transmit-
ted fields can be obtained by first identifying an envelope
for its magnitude around the circumference of the cavity.
For simplicity, let us assume it to be an azimuthal box
function centered at φ = 0, with extent Φ:
∣∣Etz(ρ = α+, φ)∣∣ =

eo 0 < φ ≤ Φ2 , (40a)
0 Φ2 < φ ≤ 2pi − Φ2 ,(40b)
eo 2pi − Φ2 < φ ≤ 2pi.(40c)
Note that a more sophisticated envelope function than
(40) might lead to higher maximum directivity. This is
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(a)
(b) (c)
FIG. 10. (a) <{Ez} for the PEC cylinder with the O-BMS
cloak. The fields inside the dielectric coating region is omit-
ted here and plotted in (c) instead. (b) <{Ez} for the PEC
cylinder without the O-BMS cloak.
reserved for future studies.
Next, we need to properly phase the output field in or-
der to produce the desired directional radiation. This can
be done by sampling the phase of a plane wave travelling
towards φo:
∠Etz(ρ = α+, φ) = −koα cos
[
φ− φo
]
. (41)
Equations (40) and (41) can be used in conjunction to
obtain the desired transmitted modal vector Eˆtz. Since
this is classified as an internally excited transmissive
metasurface, we solve (15) to find the required auxiliary
reflections. Assuming the specifications are as shown in
Table IV, we calculate the reflected fields to be those
depicted in Fig. 11(a). Correspondingly, the reactance
values of the three-layer implementation of the O-BMS
antenna are shown in Fig. 11(b). Interestingly, for the
angular range pi/2 < φ < 3pi/2, the inner layer has near-
zero reactance, meaning that essentially half of the O-
BMS cavity behaves as a PEC backing. It is consistent
with intuition, since the amplitude envelope for the trans-
mitted fields in that region is set to zero. The outer and
middle layer reactance values for that region in fact have
no influence on the radiation pattern of the antenna.
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FIG. 11. (a) The solved auxiliary reflected fields for the
cavity-excited O-BMS antenna. (b) The reactance values for
the multi-layer implementation of the O-BMS antenna.
Next, we numerically validate this design in COMSOL.
In Fig. 12, we show the simulated total electric field dis-
tribution of the antenna when it is fed by an electric line
source located at the origin. The omnidirectional source
field is collimated into a highly directive beam pointed
at φo.
The directivity plot of the complete antenna system
is shown in Fig. 13. The maximum 2D directivity is
13.4 dBi, a significant improvement over that of the om-
nidirectional line source. The half power beam width is
approximately 7.5◦.
D. Additional Comments
Although we have only considered TMz-polarized fields
in this paper, it is easy to see that the proposed frame-
work can be readily extended to TEz configurations. One
would simply need to modify the modal admittance ma-
trices in accordance with the cylindrical wave functions
of the TEz fields. Furthermore, it is possible to model
TABLE IV. Specification for the cavity-excited O-BMS an-
tenna
f (GHz) N α [m] φo[rad] Φ [rad] r1 r2 r t [mm]
4.4 451 0.15 0 pi 1 1 3 0.2
13
FIG. 12. <{Ez} for the cavity-excited O-BMS antenna.
and design tensorial bianisotropic metasurfaces. For in-
stance, while assessing the modal transmission matrices,
the number of equations and the number of unknowns
in the BSTCs would simply double. Instead of a single
transmission matrix and a single reflection matrix, we
would have two of each, corresponding to co-polarized
and cross-polarized responses. These topics are reserved
for future investigations.
IV. CONCLUSION
We presented a mode-matching framework for the
analysis and synthesis of scalar cylindrical O-BMSs based
on the discrete Fourier transform. By decomposing the
omega-bianisotropic surface parameters into Fourier har-
monics and the electromagnetic fields into cylindrical
modes, we transformed the bianisotropic sheet transition
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FIG. 13. 2D directivity plot of the cavity-excited O-BMS
antenna.
conditions into simple equations which can be solved to
either predict or engineer wave scattering from cylindrical
metasurfaces. We also proposed a systematic procedure
for designing passive and lossless cylindrical O-BMSs,
which involves enforcement of local power conservation
in a straightforward manner. Lastly, to bring these de-
vices one step closer to practical realization, we present
methods to realize the derived O-BMS surface param-
eters using a topology consisting of multiple concentric
azimuthally varying electric impedance sheets.
We designed and investigated several passive and loss-
less scalar O-BMS-based devices including illusion meta-
surfaces, penetrable metasurface cloaks and high-gain
metasurface antennas. Each device is numerically ver-
ified with finite element simulations, confirming the ef-
fectiveness of the proposed method.
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Appendix A: Analysis Equations for Externally
Excited Cylindrical O-BMSs
The modal transmission matrix Tˆex and modal reflec-
tion matrix Rˆex for the externally excited TM
z-polarized
O-BMS pictured in Fig. 5 are as follows:
Tˆex = tˆ
−1
ex,btˆex,a,
tˆex,a =
(
1
2
I + Kˆ + ZˆYrex
)−1(
1
2
I + Kˆ + ZˆYiex
)
−
(
1
2
Yrex + Yˆ − KˆYrex
)−1(
1
2
Yiex + Yˆ − KˆYiex
)
,
tˆex,b =
(
1
2
Yrex + Yˆ − KˆYrex
)−1(
1
2
Ytex − Yˆ + KˆYtex
)
−
(
1
2
I + Kˆ + ZˆYrex
)−1(
1
2
I− Kˆ− ZˆYtex
)
.
(A1)
Rˆex = rˆ
−1
ex,brˆex,a,
rˆex,a =
(
1
2
I− Kˆ− ZˆYtex
)−1(
1
2
I + Kˆ + ZˆYiex
)
−
(
1
2
Ytex − Yˆ + KˆYtex
)−1(
1
2
Yiex + Yˆ − KˆYiex
)
,
rˆex,b =
(
1
2
Ytex − Yˆ + KˆYtex
)−1(
1
2
Yrex + Yˆ − KˆYrex
)
−
(
1
2
I− Kˆ− ZˆYtex
)−1(
1
2
I + Kˆ + ZˆYrex
)
.
(A2)
To obtain the the modal transmission matrix Tˆpec and modal reflection matrix Rˆpec, for an O-BMS surrounding
a PEC cylinder, replace Y
{i,t,r}
ex with Y
{i,t,r}
pec .
